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Teleportation protocol is conventionally treated as a method for quantum state transfer between
two spatially separated physical carriers. Recent experimental progress in manipulation with high-
dimensional quantum systems opens a new framework for implementation of teleportation protocols.
We show that the one-qubit teleportation can be considered as a state transfer between subspaces
of the whole Hilbert space of an indivisible eight-dimensional system. We explicitly show all corre-
sponding operations and discuss an alternative way of implementation of similar tasks.
PACS numbers: 03.65.Wj, 03.65.-w, 03.67.-a
Intriguing phenomena of quantum teleportation [1] is
an important ingredient for quantum technologies such as
building of quantum networks [2–4] and large-scale quan-
tum computers [5]. Thanks to achievement of high level
control for individual quantum systems [7], quantum tele-
portation has been demonstrated in experiments with a
variety of quantum agents, e.g., photons [8], atomic en-
sembles [9–12], and superconducting circuits [13, 14].
In the framework of quantum information theory, tele-
portation is a noise-free identity channel from one Hilbert
space of quantum states to the other [15]. Convention-
ally, these Hilbert spaces are associated with two distinct
locally separated physical objects. Then teleportation is
not related to transportation of physical systems, but to
transfer of their quantum states [16].
However, this is not a dogma that Hilbert spaces in
teleportation protocols should be associated to different
systems. Indeed, for realization of teleportation protocol
one can use a decomposition of an indivisible quantum
system on virtual subsystems [17], that is allowed by rep-
resentation of the Hilbert space of the indivisible system
as a tensor product of low-dimensional Hilbert spaces.
Recently, indivisible quantum systems have attracted
a great deal of interest both in theory and experiments.
Indivisible quantum systems have been significantly stud-
ied with photons [18], ions [19], NMR [20], and supercon-
ducting circuits [21–27]. It has been demonstrated theo-
retically that indivisible quantum systems can be used in
quantum key distribution protocols [28–31], information
processing [20, 32–37], and other algorithms [38, 39]. In-
formation and entropic properties, in particular, schemes
for verification of entropic inequalities [36, 40], of indivis-
ible quantum systems have been investigated [17, 41–43].
In the present note, we demonstrate that the single-
qubit quantum teleportation protocol can be employed
in an indivisible quantum systems. In this case, quan-
tum teleportation can be considered as a state transfer
between subspaces of the Hilbert space of the indivisible
system in the same way as it commonly treated as state
1
2
3
 ψ
 ψ iU
i
1β
 iβ
Figure 1. Scheme of the one-qubit teleportation protocol via
three distinct particles.
transfer in composite three-qubit system. We explic-
itly show all corresponding operations with the system.
The suggested scheme can be realized in eight-level quan-
tum systems such as superconducting artificial atoms or
spin-7/2 particles. We note that our approach has much
in common with schemes for the quantum teleportation
with identical particles [44, 45].
First of all, we review briefly the standard teleporta-
tion protocol [1]. We start from consideration of a set of
maximally entangled Bell basis states
|β1〉 = 2−1/2(|0〉 ⊗ |0〉+ |1〉 ⊗ |1〉),
|β2〉 = 2−1/2(|0〉 ⊗ |1〉+ |1〉 ⊗ |0〉),
|β3〉 = 2−1/2(|0〉 ⊗ |0〉 − |1〉 ⊗ |1〉),
|β4〉 = 2−1/2(|0〉 ⊗ |1〉 − |1〉 ⊗ |0〉),
(1)
where the upper indices numerate vectors in the basis,
and one-qubit arbitrary state
|ψ〉 = α|0〉+ β|1〉, |α|2 + |β|2 = 1. (2)
One-qubit teleportation protocol implies three parti-
cles: the first being initialized in arbitrary state (2) and
two others in of one the Bell states (1) (see Fig. 1). With-
out loss of generality, one can consider the case of |β1〉.
Particles 1 and 2 go to the party traditionally named
Alice, while the particle 3 goes to party named Bob.
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2A1=

1 0 0 0 0 0 1 0
0 1 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0
0 1 0 0 0 0 0 1

A2=

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 1 0 1 0 0 0
0 0 0 1 0 1 0 0
0 0 1 0 1 0 0 0
0 0 0 1 0 1 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

A3=

1 0 0 0 0 0 −1 0
0 1 0 0 0 0 0 −1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
−1 0 0 0 0 0 1 0
0 −1 0 0 0 0 0 1

A4=

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 1 0 −1 0 0 0
0 0 0 1 0 −1 0 0
0 0 −1 0 1 0 0 0
0 0 0 −1 0 1 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

B1=

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

B2=

0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0

B3=

1 0 0 0 0 0 0 0
0 −1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 −1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 −1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 −1

B4=

0 1 0 0 0 0 0 0
−1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 −1 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 −1 0 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 −1 0

Table I. Explicit form of matrices {Ai} and unitary operators {Bi} in the teleportation protocol (10) inside an indivisible
eight-level system.
The initial state of the three-qubit system can be writ-
ten in the following form
ρin123 = |ψ〉1〈ψ| ⊗ |β1〉23〈β1|, (3)
where subindices are used for a definition of the corre-
sponding particles. The goal of the teleportation proto-
col is to transfer the state |ψ〉 on the Bob’s particle 3.
The protocol consists of several steps. First, Alice per-
forms a projective measurement of her particles in the
Bell basis (1). Then Alice sends the index of the result
(two bits of classical information) to Bob. On the final
stage, Bob applies a unitary operator to his particle 3,
which depends on the message obtained from Alice in the
previous step.
The sequence of these operations yields the following
state of particles:
ρout123 =
4∑
i=1
(|βi〉12〈βi| ⊗ U i3) ρin123 (|βi〉12〈βi| ⊗ U i3†) =
=
1412
4
⊗ |ψ〉3〈ψ|,
(4)
where Bob’s unitary operators are as follows:
U1 = 12 U2 = σx
U3 = σz U4 = iσy.
(5)
Here, 1n is n-dimensional identity operator, σx, σy and
σz are standard Pauli operators.
Taking the partial trace over particles 1 and 2, we ob-
tain particle 3 in the initial state of particle 1:
Tr12ρ
out
123 = |ψ〉3〈ψ|, (6)
that is the essence of quantum teleportation protocol.
In the described above setup, there is a spacial separa-
tion between particles carrying the corresponding states
of qubits. However, if the spatial distance between qubits
tends to zero one has an analog of a localized high dimen-
sional system that can be simulated by a single qudit.
In what follows, we reformulate the teleportation pro-
tocol for an indivisible system of higher dimension. More
precisely, we consider the teleportation protocol in a
eight-dimensional Hilbert space, which can be always ex-
pressed as a tensor product of three two-dimensional sub-
spaces:
H = H1 ⊗H2 ⊗H3, (7)
where H1, H2 and H3 do not correspond to any distinct
physical carriers.
For the encoding of three-qubit states in the Hilbert
space of eight-dimensional system we consider the map-
ping
|n〉 ↔ |a〉1 ⊗ |b〉2 ⊗ |c〉3, (8)
where {|n〉}7n=0 forms an orthonormal basis in H (that
can be energy eigenstates or spin-7/2 projections on a
particular axis) and (abc) is binary expression of n (e.g.
n = 3 corresponds to a = 0, b = 1, c = 1).
In line with Eq. (3), the initial state of the system in
S(H), where S is a set of positive-semidefinite unit-trace
operators in the corresponding Hilbert space, takes the
form:
%in =
1
2

|α|2 0 0 |α|2 αβ∗ 0 0 αβ∗
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
|α|2 0 0 |α|2 αβ∗ 0 0 αβ∗
α∗β 0 0 α∗β |β|2 0 0 |β|2
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
α∗β 0 0 α∗β |β|2 0 0 |β|2

, (9)
where % in the notation is used to emphasize that we
consider a state of single object.
3Then, transformation (4) has the following form
%out =
1
4
4∑
i=1
BiAi%inAiBi
†
, (10)
where Ai/2 = |βi〉〈βi| ⊗ 12 is a set of rank-2 projectors
and Bi = 14 ⊗ U i is a set of eight-dimensional unitary
operators.
The final state obtains block diagonal form
%out =
1
4
diag(σ, σ, σ, σ), σ =
[|α|2 αβ∗
α∗β |β|2
]
. (11)
We provide an explicit form of all matrices in Tab. I.
Partial trace of the final state (11) over the Hilbert
spaces H1 and H2 gives the state (2) in the Hilbert space
H3, that now is a subspace of single indivisible system in
similar way as H1 and H2. The open question is how the
operation (10) is related to applying the SWAP gate
SWAP1↔3 =

1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0
0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1

, (12)
which implements a similar task by exchanging states
from S(H1) and S(H3). However, the acting of SWAP
gate and teleportation in an indivisible system are dif-
ferent. On the one hand, the latter requires preparation
of the Bell state in H2 ⊗ H3, but on the other hand it
yields maximally mixed states in H1 ⊗ H2, that can be
important for quantum information processing.
Consideration of this question in more details could
provide interesting insights for relation between telepor-
tation and computation in the framework of indivisible
quantum systems, e.g, multilevel artificial atoms realized
by multilevel superconducting circuits.
Finally we would like to note, that the presented con-
cept of teleportation in an in indivisible quantum sys-
tem is close to the teleportation with identical particles,
where modes instead of particles are teleported [44, 45].
Due to indistinguishability there are no observables that
act on a single particle leaving unchanged all the oth-
ers, and in some sense we can think about them as a
single object. Such systems can be a promising resource
for quantum computation in addition to multi-qubit sys-
tems, where an each qubit is realized by distinct physical
object.
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